Here we apply the general scheme for description of the mechanics of infinitesimal bodies in the Riemannian spaces to the examples of geodetic and non-geodetic (for two different model potentials) motions of infinitesimal rotators on the Mylar balloons. The structure of partial degeneracy is investigated with the help of the corresponding Hamilton-Jacobi equation and action-angle analysis. In all situations it was found that for any of the six disjoint regions in the phase space among the three action variables only two of them are essential for the description of our models at the level of the old quantum theory (according to the Bohr-Sommerfeld postulates). Moreover, in both non-geodetic models the action variables were intertwined with the quantum number N corresponding to the quantization of the radii r of the inflated Mylar balloons.
Introduction
The general formulation of mechanics of extended metrically-or affinely-rigid bodies in Euclidean spaces was studied in details in some of our previous papers (see, e.g., [1, 2, 9, 10, 11] ). The situation when Euclidean/affine space is replaced by a differential manifold equipped with geometry given by the metric tensor, affine connection, or both of them (interrelated or not) was mainly covered in [7, 8] . In the present paper we are following the general procedure for description of the mechanics of infinitesimal metrically-or affinely-rigid bodies moving in non-Euclidean spaces presented in [8] but applying it to quite new and very interesting from the geometrical point of view two-dimensional surface which is called the Mylar 1 balloon which is constructed by taking two circular disks of Mylar, sewing them along their boundaries and then inflating with either air or helium (see, e.g., [3, 5, 6] ). 
2D Infinitesimal Gyroscope on the Mylar Balloon
In conformal coordinates the Mylar balloon (see Figures 1 and 2 ) of the radius r is given by the following formulas:
x(u, v) = r cos v cosh(2u) , y(u, v) = r sin v cosh(2u) (1)
where u ∈ [−∞, ∞], v ∈ [0, 2π], and F (z, k), E(z, k) are the incomplete elliptic integrals of the first and second kinds, respectively. The first and second fundamental forms are given respectively as follows (for more details see, e.g., [3] ):
Then the metric tensor and its inverse have the following components:
Hence, the Levi-Civita affine connection
has only four non-zero components
So, for the infinitesimal gyroscope moving on the Mylar balloon, it is a natural choice of the holonomicl base to be tangent to the coordinate lines:
and then the normalized fields will form a convenient orthonormal frame E in the curved Riemannian space (M, g):
or written in terms of its components:
Then the teleparallelism connection Γ[E] i jk = E i A E A j,k induced by the abovedescribed frame E has only two non-zero components
So, the affine connection Γ in the auxiliary aholonomic representation
also has only two non-zero components
The orthonormal frame e = (e u , e v ), which describes the internal configuration of our infinitesimal gyroscope moving on the Mylar balloon, is a composition of the above-introduced fixed aholonomic frame E = (E u , E v ) and some timedependent orthogonal matrix U :
while U can be parameterized as follows:
In order to calculate the "drift" term of the angular velocity we should calculate at first
Therefore, we obtain the following matrix
and then
So, we can express the angular velocity as the sum of the "drift" term describing the time rate of the rotational motion contained in the field E itself and "relative" term describing the rotational motion with respect to the fixed reference frame E, i.e.,
Then the kinetic energy of our infinitesimal gyroscope moving on the Mylar balloon can be written in the following form:
where I is the scalar moment of inertia of the plane rotator. Let us now rewrite the above kinetic energy (18) in the form where we have explicitly separated the mass factor, i.e.,
where q i = (u, v, ψ) are the generalized coordinates and the metric matrix G ij (q) is given as follows:
(20) The square root of the determinant of the above matrix (i.e., the weight-one volume density) is given by the following expression:
Their contravariant inverse metric G ij (for which G ik G kj = δ i j ) is as follows:
For the potential systems with Lagrangians L = T − V (q) the Legendre transformation p i = ∂L/∂q i = mG ij (q)q j has the usual form:
Inverting it we obtain thaṫ
Now substituting (25)-(26) into the expression for the total energy,
we have that the Hamiltonian is given as H(q, p) = T (q, p) + V (q). Then the geodetic Hamiltonian (when V (q) ≡ 0) can be written as follows:
Hamilton-Jacobi Equation and Action-Angle Analysis
In order to study integrability and hyperintegrability (degeneracy) problems, we need to investigate the separability of the corresponding Hamilton-Jacobi equation expressed in the action-angle variables:
If we deal with time-independent problems, then the Hamilton's principal function S(q, t) can be sought in the following form:
where E is the integration constant and the reduced function S 0 satisfies the time-independent Hamilton-Jacobi equation:
Let us note that in our case v and ψ are cyclic variables in the kinetic energy term (28), so we can focus our attention on the models where the potential energy V (q) also does not depend on them, i.e., the corresponding conjugate momenta p v and p ψ are constants of motion. The resulting models (including the geodetic ones with V (q) ≡ 0) are completely integrable and can be analysed with the help of the method of separation of variables.
Taking into account that we are dealing with the cyclic variables v and ψ, the reduced action S 0 (q) can be expressed in the following form:
where E, l, s are three integration constants for the system with three degrees of freedom (just as it should be in the complete integral), i.e., the dependence of S v (v; l) and S ψ (ψ; s) on their arguments is postulated as linear. This means that due to the assumed symmetry the problem is reduced to the one-dimensional one for S u (u; E), i.e., substituting (32) into (31) we obtain the following ordinary differential equation:
Therefore,
and then the corresponding action variables (i.e., the contour integrals of the differential one-forms p q i dq i along the corresponding orbits in the two-dimensional phase spaces of the (q i , p q i )-variables) are given as follows:
where the contour integral of the differential one-form p u du along the corresponding orbit in the two-dimensional phase space of the (u, p u )-variables in (36) equals twice the integral taken between the turning points (u min , u max denoting the left and right turning points of the u-motion, respectively) in the classically admissible region, i.e., between the nulls of (33). Substituting there l = J v /2π and s = J ψ /2π we obtain the following expression:
Geodetic case and structure of partial degeneracy
For the geodetic case (V (u) ≡ 0) we can rewrite (38) as follows:
where A = mr 2 2E − J 2 ψ /4π 2 I , B = J ψ /2π, and C = J v /2π.
Next we will make use of the well-known identities for the hyperbolic functions
and the following transformation of the independent variable:
In this way we can rewrite (40) in the form appropriate for the residue analysis:
According to the Cauchy's residue theorem in the complex plane we choose some positively oriented simple closed curve γ that infinitesimally encircles the branch cut (or cuts, if there are more than one) of the complex-valued function f (z). We also suppose that outside the region bounded by the curve γ this function f (z) is meromorphic, i.e., it is holomorphic on a simply connected open subset of the complex plane except for the discrete set of isolated points (including that one at infinity if it exists) a k , k = 1, . . . , n, which are called the poles of the function f . Then it can be shown that
Res (f, a k ) .
In our case we have a complex-valued function f which general expression can be cast in the form
It has five poles at a k = {1, −1, i, −i, ∞}, whereas the coefficients in (45) are connected with the previously introduced ones as follows:
The respective residues (44) are
and, because lim |z|→∞ f (z) = 0, the residue at infinity is given by the formula
So, substituting (49)-(53) into (44) with the function f (z) given by (45) we are finally obtaining the connection between the three action variables:
Explicitly in the six regions of the phase space we have the following structure of the partial degeneracy:
In other words, in any of the above regions only two of the three action variables (or quantum numbers on the level of the old quantum theory according to the Bohr-Sommerfeld postulates) are essential.
Non-geodetic cases with modeling potentials
As for the non-geodetic cases, we can see that the class of integrable problems contains, for example, the following interesting potential models: i) the "harmonic oscillator"-type potential model:
ii) the general "anharmonic oscillator"-type potential model:
Harmonic oscillator-type potential
The "harmonic oscillator"-type potential (61) produces the contour integral corresponding to (44) with the following complex-valued function:
which has the same as previously poles a k = {1, −1, i, −i, ∞} and now the coefficients in (63) are connected with the previously intorduced ones as follows:
Calculating the values of residues in (63) we are obtaining that
and again, because lim |z|→∞ f (z) = 0, the residue at infinity is calculated by using (53)
So, substituting (68)-(72) into (44) with the function f (z) given by (63) we are finally obtaining the connection between the three action variables:
We see that again in every region only two of the three action variables (quantum numbers in the Bohr-Sommerfeld old quantum theory) are essential, but this time they are intertwined with the expression √ κmr 2 . By the way, in the paper [4] one of us have shown that the radii r of the inflated Mylar balloon can also be quantized, so we can write as well
Therefore, in the above defined six regions of the phase space we have the following structure of partial degeneracy:
So, substituting (88)-(92) into (44) with the function f (z) given by (81) we are finally obtaining the connection between the three action variables:
We see again that in every region only two of the three action variables (quantum numbers) are essential and they are intertwined with the quantum number N corresponding to the quantization of the radii r of the inflated Mylar balloon [4] . So, using (74) we can explicitly write down the structure of the partial degeneracy in all regions of the phase space:
iv) (J ψ > 0) ∧ (J ψ > J v ) ∧ (J ψ < −J v ), i.e., −J v > J ψ > 0, then
Concluding Remarks
Here we have discussed the mechanics of the infinitesimal gyroscopes on the Mylar balloons as a two-dimensional example of general Riemannian spaces.
In all considered cases we have found that the corresponding Hamilton-Jacobi equation combined with the action-angle analysis leads to quite special situation when the energy E does not appear in the final relationships between the action variables (contrary to the cases of other classical surfaces, e.g., sphere, pseudosphere and torus [7, 8] -and therefore the results concerning them deserve to be discussed separately). Nevertheless, the structure of the partial degeneracy has been obtained for the geodetic and non-geodetic situations, while for the two considered non-geodetic model potentials (the "harmonic-oscillator"-type and general "anharmonic-oscillator"-type ones) the action variables were also intertwined with the quantum number N corresponding to the quantization of the radii r of the inflated Mylar balloons. The obtained results could be applied, among others, in the theory of membranes for description of the motion of objects (particles) with internal structure on manifolds (e.g., transport of proteins along the curved membranes).
